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Highlights
• Base-age invariant families of height growth curves with polymorphism and varying asymp-

totes are presented for the seven economically most important tree species in Zhongtiaoshan 
forest region, China.

• The nonlinear fixed-effects approach outperforms the nonlinear mixed-effects approach 
according to the AIC, but according to RMSE and bias these results are not fully supported.

Abstract
For constructing growth and yield models the concept of site index as measure of productivity 
is crucial. Here, we use nonlinear mixed-effects models (NLME) with random individual effects 
and nonlinear models with dummy variables as fixed individual effects (NLFE) to fit mechanis-
tic growth functions to stem analysis data of the economically most important tree species in 
Zhongtiaoshan forest region, China. The Richards and Lundqvist function are formulated into 
five dynamic equations (R1, R2, L1, L2 and L3) applying the generalized algebraic difference 
approach (GADA), which inherit polymorphism, varying asymptotes and base-age invariance. 
According to Akaike information criterion the R1 model as NLFE fits height growth data of Pinus 
tabuliformis Carrière, Pinus armandii Franch., Quercus liaotungensis Koidz., Quercus aliena 
Blume and Betula platyphylla Sukaczev best, while for Quercus variabilis Blume R2 as NLFE 
fits height growth data best. For Larix principis-rupprechtii Mayr L1 as NLME has been selected 
as best model, as R1 and R2 both as NLFE and NLME are not extrapolating the comparably short 
length of height growth data well enough. However, according to the root mean square error and 
bias differences between model fits of both the selected equation and the chosen model fitting 
approach are not so clear. Presented families of height growth curves serve as planning tools to 
identify site index and therefore assess productivity of forest stands in the studied region. A direct 
comparison of the productivity of forest stands of the same tree species is possible due to base-age 
invariance of the selected models.
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1 Introduction

Forest management planning in China at national level follows ambitious aims including the 
objective to improve forest quality, increase forest growing stock from 95 m3 ha–1 in 2018 to 
121 m3 ha–1 in 2050 and average annual volume growth from 4.7 m3 ha–1 in 2018 to 5.2 m3 ha–1 in 
2050 (State Forestry Administration 2018). The potential volume growth of a site, the site produc-
tivity, generally is expressed by site index and is based on tree height growth. Information about 
site productivity serves various purposes. It is an important component for quantifying the role of 
forests as carbon sinks, which should be increased in China (Ministry of Ecology and Environ-
ment of the People’s Republic of China 2019). Moreover, the rising demand for timber driven by 
population growth and economic development has to be met. However, currently forest quality, 
stocking levels and growth rates of plantation forests are still at a low level in China (Liu and 
Yin 2012; Hou et al. 2019). To fulfill the desired objectives, appropriate tools for forest manage-
ment as well as forest management planning are required, including recently updated inventory 
data, site mapping and suitable growth and yield models. However, for many forests these tools 
are yet not all available in China. In particular, growth and yield models have been studied since 
the 1980s exploring whole-stand growth models, size-class models and single tree-level models, 
covering several species such as Populus tomentosa Carrière, Larix kaempferi (Lamb.) Carrière, 
Cunninghamia lanceolata (Lamb.) Hook., Larix gmelinii (Rupr.) Kuzen., Platycladus orientalis 
(L.) Franco, Pinus taiwanensis Hayata, Robinia pseudoacacia L. and Populus tomentosa Carrière 
(Zuyuan and Xinyou 1989; Changxiong 1995; Shouzheng and Xifei 2012; Wei-Wei and Feng-Ri 
2008; Hua et al. 2020). Still, for most of the dominant species and major forest regions the growth 
and yield models are not available. Very often the average volume growth rate in percent is applied 
to estimate forest growing stock in practice, which is not precise enough for forest management 
planning. Therefore, this paper develops height growth models, which indicate site productivity, 
an important tool for sustainable forest management.

Whole-stand growth models can be used in single species, even-aged stands, where they 
depend on a measure of productivity (Weiskittel 2011). Such single species, even-aged stands 
are common in large parts of China, accounting for 58% of the forest area (National Forestry and 
Grassland Administration 2019). To construct growth and yield models the concept of site index 
as a measure of productivity is crucial. Site index is typically expressed as dominant height at 
a certain reference age that is almost unaffected by stand density (Carmean 1972) and thinning 
from below (van Laar and Akça 2007) and is correlated with volume production (Eichhorn 1904; 
Burkhart and Tomé 2012).

To model height growth of forest stands as well as of individual trees many different growth 
equations are known (for a list of examples compare Zeide (1993), Burkhart and Tomé (2012) and 
Kindermann (2016)). These functions in general describe the increase of size per unit of time and 
should fulfill certain criteria, such as resulting in height of 0 m at a specific beginning, maximizing 
against an asymptote and showing an inflection point (Burkhart and Tomé 2012). The criteria result 
from two opposing forces: the positive growth component associated with biotic potential and 
photosynthetic activity, and the restraining component from internal and external factors, such as 
aging and competition (Zeide 1993). The criteria are especially fulfilled if mechanistic nonlinear 
growth functions are used (Vanclay 1994).

For site index modelling, typically families of site index curves are produced. These curves 
can either be anamorphic, meaning that curves are proportional to each other, or polymorphic, 
when no proportional relationship between the curves is present. Polymorphic families of curves 
can also differ by having a common asymptote or not and by being disjoint, where curves do not 
cross each other, or being non-disjoint, where at least some curves cross each other (Clutter et al. 



3

Silva Fennica vol. 56 no. 1 article id 10544 · Sprengel et al. · Two subject specific modelling approaches to …

1983). Bailey and Clutter (1974) introduced the concept of base-age invariance where height equals 
site index when age equals base age for any given base age. If polymorphic families of curves are 
base-age invariant they also are disjoint.

To fit families of site index curves to height growth data of dominant trees several approaches 
have been developed: the guide curve method, the difference equation method, the parameter pre-
diction method (Clutter et al. 1983) and the mixed model approach (Lappi and Bailey 1988). The 
guide curve method fits a population average curve and produces families of curves thereof by 
varying either the asymptotic parameter for anamorphic families of curves or a shape parameter 
for disjoint polymorphic families of curves with a common asymptote. The difference equation 
method and similar to that the algebraic difference approach (ADA) assigns one site or subject 
specific parameter while leaving the other parameters as common, thus leading to anamorphic 
families of curves or disjoint polymorphic families of curves with a common asymptote (Bailey 
and Clutter 1974). The generalized algebraic difference approach (GADA) extends the ADA by 
formulating two or more parameters as a function of a latent variable, thus leading to disjoint 
polymorphic families of curves with variable asymptotes if one of the varying parameters is the 
asymptote (Cieszewski and Bailey 2000). The parameter prediction method assigns site index 
values to single-tree-functions and relates the parameters of the fitted functions to site index through 
regression producing disjoint polymorphic families of curves. The mixed model approach from 
Lappi and Bailey (1988) is extending the one-parameter approaches to a two-parameter approach 
as formulated by Wang et al. (2008). In this approach, two or more subject specific parameters 
are treated as random effects and the remaining parameters as global fixed effects, leading to 
non-disjoint polymorphic families of curves with variable asymptotes if one random parameter 
is the asymptote. Essentially, the two subject specific parameters in the GADA are constrained 
by formulating them as functions of a latent variable while for the mixed model approach these 
parameters are not constrained. In statistical literature regarding nonlinear models, the ADA and 
GADA, as applications in forest growth and yield modeling, are cases of reparameterization of a 
response function (Mehtätalo and Lappi 2020). While linear transformations of predictors are not 
affecting the fitted model, nonlinear transformations affect the properties of the parameter estimates 
in terms of bias and variance (Fox and Weisberg 2018).

To estimate GADA model parameters, four different methods are commonly used: the 
dummy variable approach, the iterative nested approach, the forward difference approach and the 
nonlinear mixed-effects model approach (Weiskittel 2011).

The objective of this study is to compare different mechanistic growth functions to best 
describe height growth and to develop new site index models for the 7 economically most important 
native tree species in Zhongtiaoshan forest region of Shanxi province, China. Out of the described 
curve-fitting approaches, the GADA inherits the following desired properties, as site index model-
ing is the purpose: polymorphism and concurrently variable asymptotes, base-age invariance and 
thus being disjoint. It has been used in multiple, recent publications to model tree height (Dié-
guez-Aranda et al. 2006; Weiskittel et al. 2009; Seki and Sakici 2017; Özçelik et al. 2019; Socha 
et al. 2020; Koirala et al. 2021; Socha et al. 2021). The applied modelling approaches to construct 
families of height growth curves using the GADA are the non-linear mixed effects approach and 
the dummy variable approach. The analyzed tree species are Pinus tabuliformis Carrière, Pinus 
armandii Franch., Larix principis-rupprechtii Mayr, Quercus liaotungensis Koidz., Quercus vari-
abilis Blume, Quercus aliena Blume and Betula platyphylla Sukaczev. Such growth functions for 
these tree species do not yet exist for the area of interest.
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2 Material and methods

2.1 Research area

The research area is located in Zhongtiaoshan forest region of Shanxi Province in Northeast China 
and is already described by Sprengel et al. (2020) (Fig. 1). The coordinates for the northernmost 
tree are 36°09´N, 112°03´E, for the southernmost tree 35°03´N, 111°34´E, for the easternmost tree 
35°29´N, 112°32´E and for the westernmost tree 35°05´N, 111°24´E. The area is dominated by 
temperate coniferous forests, which consist mainly of the tree species P. tabuliformis.

The climate can be classified as temperate climate, influenced by the East Asian Summer 
Monsoon (EASM) with distinct hot and semi-humid summers, and cold and dry winters (Li et 
al. 2013). Annual precipitation ranges from 331 mm to 885 mm, mean annual air temperature is 
11.5 °C and mean monthly air temperatures are ranging from –4.8 °C in January to 24.4 °C in July 
(aggregated climate data from Qinshui meteorological station (35°42´N, 112°12´E, 887 m a.s.l.), 
Yangcheng meteorological station (35°29´N, 112°24´E, 661 m a.s.l.), Gaoping meteorological sta-
tion (35°46´N, 112°57´E, 837 m a.s.l.), and Lingchuan meteorological station (35°47´N, 113°16´E, 
1313 m a.s.l.)).

Scientific names of tree species are given according to the Tropicos data base (Missouri 
Botanical Garden 2021).

2.2 Data

Trees chosen for stem analysis were taken exclusively from the predominant and dominant canopy 
layer (Kraft 1884), as these trees represent the top height of the forest stand that is least influenced 
by thinnings from below (van Laar and Akça 2007), which is a typical forest management practice 
in the stands of Zhongtiaoshan forest region. Additionally, sample trees were selected from pure 

Fig. 1. Map of northern China indicating the research area of Zhongtiaoshan forest region with a grey large dot (d-maps 
2020, modified). East Asia free map, free blank map, free outline map, free base map hydrography, states, main cities, 
names. Gap https://d-maps.com/carte.php?num_car=28780&lang=en. Accessed 19 January 2021.

https://d-maps.com/carte.php?num_car=28780&lang=en
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stands and were not affected by gaps, skid trails, forest roads, and admixed tree species. Further-
more, selected sample trees had healthy and evenly shaped crowns and no visible injuries, dam-
ages, or infections (see Table 1 for additional information). Moreover, selected forest stands were 
as old as possible to maximize the observation range of tree age (Sprengel et al. 2020). To ensure 
that sample trees had maintained their predominant or dominant social class throughout their life, 
tree-rings at the base of the stem were examined for sequences of narrow tree-rings, which would 
have indicated suppression of the sample tree, leading to disqualification of such tree. Based on 
the aforementioned criteria, trees were selected subjectively.

To cover the full range of potential height growth patterns for each tree species, selected 
forest stands were classified into the relative site productivity classes low, medium and high. 
From each relative site productivity class 9 trees per tree species were selected. For Q. variabilis, 
one tree had to be removed from the sample during the process of data collection as this tree was 
growing as coppice shoot.

For each forest stand one sample tree was measured, as sizes of forest stands varied con-
siderably. This allowed, however, only one level of nesting for the individual tree in the later step 
of model fitting, which is equivalent to the level of nesting for the forest stand. A separate level of 
nesting for the forest stand to create a hierarchical model could not be formulated with the sampled 
data, implying that the tree effect and the stand effect could not be disentangled.

Stem discs were collected from the sample trees at following pre-defined heights:
- Coniferous tree species at 0.3 m, 1.3 m, 3 m, 5 m and every next 3 m
- Broadleaved tree species at 0.3 m, 1.3 m, 3 m, 4 m, 5 m, 7.5 m and every next 1.25 m
Sampling took place during the growing season of the year 2018.
Tree-rings for stem analysis were counted and measured using the software WinDENDROTM 

(Regent Instruments Canada Inc. 2012), where images of stem discs were digitally measured after 
obtaining high-resolution scans using a flatbed scanner (Guay et al. 1992). The dating quality of 
the tree rings was checked by master chronologies. The number of counted tree rings per stem disc 
indicated the cambial age at the corresponding tree height. To estimate unknown heights of annual 
shoots we applied the method of Carmean (1972) in the formulation of Dyer and Bailey (1987). To 
estimate hidden tips in the first bolt we used the modification of Fabbio et al. (1994) and for hidden 
tips in the last bolt the modification of Newberry (1991) as described in Lappi (2006) (Fig. 2).

Table 1. Tree species-specific information of sample trees of the investigated tree species Pinus tabuliformis, 
Pinus armandii, Larix principis-rupprechtii, Quercus liaotungensis, Quercus variabilis, Quercus aliena and 
Betula platyphylla

tree species sample trees  
(n)

elevation 
(m a.s.l.)

tree age (y) tree height (m)
mean sd mean sd

P. tabuliformis 27 1187–1677 69 17 14.55 2.40
P. armandii 27 1338–1897 57 12 14.68 2.47
L. principis-rupprechtii 27 1191–1916 34 7 16.86 2.62
Q. liaotungensis 27 1283–1956 57 30 15.88 1.84
Q. variabilis 26 750–1223 60 14 18.20 3.41
Q. aliena 27 932–1350 79 16 17.45 1.76
B. platyphylla 27 1519–1927 38 18 16.18 1.68
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2.3 Growth functions

Two mechanistic nonlinear base functions were selected for model formulation and are presented 
in Table 2: the three-parameter Lundqvist function (Lundqvist 1958) and the three-parameter 
Richards function (Richards 1959). As sample size per tree species is relatively low, we decided 
to fit growth functions with a maximum of three global parameters to avoid over-parametrization.

Based on the GADA (Cieszewski and Bailey 2000), out of the three base functions five 
polymorphic base-age invariant difference equations with varying asymptotes are derived by rep-
arameterization (Table 2). For the GADA the parameter of the asymptote (A) and one parameter 
for the shape of the curve (k, m) need to vary based on the site-specific growth intensity factor X, 
where X is a theoretical, unobservable and latent variable. The base equation is then solved for X 
and this solution replaces all Xs with the initial conditions y0 and t0, leading to the general form 
of the dynamic equations:

y f t y t� � �, , , ( )0 0 1

where y is the dominant height at age t and y0 is the dominant height at base age t0. The derived 
dynamic equations show polymorphism, variable asymptotes and base-age invariance. For the 
dynamic equations L1, R1 and R2 the roots in the solution for X were expected to be more likely 
real and positive (Table 2).

Fig. 2. Observed tree heights for all investigated tree species Pinus tabuliformis, Pinus armandii, Larix principis-rup-
prechtii, Quercus liaotungensis, Quercus variabilis, Quercus aliena and Betula platyphylla from stem analysis. Height 
of annual shoots are estimated based on the method from Carmean (1972).
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2.4 Modelling

All statistical methods and data analysis were computed in the R programming environment using 
the Graphical User Interface R Studio (R Core Team 2020; RStudio Team 2019).

Tree height of the different tree species was modelled in two different approaches using 
nonlinear mixed-effects models (NLME) with random individual effects and nonlinear models 
with dummy variables as fixed individual effects (NLFE).

2.4.1	Nonlinear	mixed-effects	model	approach

For the NLME approach we formulated the models with X, α, k and m being introduced as global 
fixed parameter vector β and with random effect bi associated with tree i as random component to 
X, leading to Xi being defined as β1 + bi (Cieszewski 2003). The general model using the definition 
from Lindstrom and Bates (1990) is then formulated as

where yij is the jth value of variable tree height of tree i at predictor variable age tij, f is a non-
linear function of one formulation from the dynamic equations in Table 2 of the predictor vector 
and the parameter vector Φi, and εij is the normally distributed residual error term with σ2I as the 
variance-covariance matrix. For the parameter vector

where β is the vector of global fixed parameters, bi is the vector of individual random effects 
parameters associated with tree i, Ai and Bi are design matrices of size r × p and r × q for both 
fixed and random effects, respectively, and σ2D is the random effects variance-covariance matrix.

Table 2. Model formulations of the two base functions and the five resulting dynamic equations used to fit tree species 
specific families of height growth curves.

base function               site parameters           solution for X with initial values (y0, t0) dynamic equation ID
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The NLMEs were calculated for each tree species separately using the nlme function of 
the package nlme (Pinheiro et al. 2020). To account for within-group correlation due to repeated 
height measurements of tree i as well as unbalanced data, we defined an autocorrelation structure 
of order 1 with continuous time covariate using the corCAR1 function in the package nlme (Pin-
heiro and Bates 2000).

2.4.2	Nonlinear	fixed-effects	model	approach	with	dummy	variables

For the NLFE approach the models are formulated with X, α, k and m as global fixed parameter 
vector β and with Ii as dummy variables representing the difference from X of the ith tree, thus Xi 
is defined as β1 + Ii. The dummy model is formulated as:

where yij is the jth value of variable tree height of tree i at predictor variable age tij, f is a non-
linear function of one formulation from the dynamic equations in Table 2 of the predictor vector 
and the parameter vector Φi, and εij is the normally distributed residual error term with σ2I as the 
variance-covariance matrix. For the parameter vector:

where β is the vector of common parameters, A is the design matrix of size r × p for the common 
fixed effects and Ii is the vector of individual dummy variables associated with tree i.

Also, the NLFEs were calculated for each tree species separately using the gnls function of 
the package nlme, as in this function the errors are allowed to be correlated (Pinheiro et al. 2020). 
The same autocorrelation structure as for the NLME was defined.

2.4.3 Model evaluation

To compare and evaluate model estimates statistical criteria were examined. The statistics used 
were Akaike information criterion (AIC) (Akaike 1973), the root mean square error (RMSE) and 
the bias (ē).

AIC ll p� � �2 2 6, ( )

where ll is the log-likelihood of the fitted model, p is the number of fitted parameters, n is the 
number of observed data points, yi is the observed tree height and ŷi is the predicted tree height 
including the predictions of the random effects.

Of the best models graphical analysis of the residuals as well as of the fitted curves were 
carried out as curve profiles could differ substantially even with fairly similar statistics and resid-
uals (Huang et al. 2003).
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3 Results

According to the AIC of all models for both approaches and for each tree species, R1 as NLFE 
outcompetes the other models for all investigated tree species but Q. variabilis, where R2 as NLFE 
performs better. The second-best model fit according to the AIC by tree species is provided by R2 
as NLFE for most of the investigated tree species; only for P. armandii R1 as NLME and for Q. 
variabilis R1 as NLFE are the second-best fitting models according to the AIC (Table 3).

Table 3. Akaike information criterion (AIC), root mean square error (RMSE) and bias (ē) for all fitted height growth 
models based on the five dynamic equations and fitted with both approaches the nonlinear mixed-effects model ap-
proach (NLME) and the nonlinear model approach with dummy variables (NLFE) to all investigated tree species Pinus 
tabuliformis, Pinus armandii, Larix principis-rupprechtii, Quercus liaotungensis, Quercus variabilis, Quercus aliena 
and Betula platyphylla

tree species approach model AIC RMSE ē approach model AIC RMSE ē

P. tabuliformis NLME L1 –4596.3 34.63 28.79 NLFE L1 –4465.8 34.61 28.7
L2 –4541 34.59 28.75 L2 –4446.7 34.6 28.68
L3 –4337.3 34.4 28.63 L3 –4305.2 34.39 28.55
R1 –4650.7 34.5 28.63 R1 –4716 34.48 28.56
R2 –4574.5 34.44 28.58 R2 –4657.8 34.46 28.53

P. armandii NLME L1 –2744.4 26.12 21.68 NLFE L1 –2636.1 26.19 21.69
L2 –2703.5 26.11 21.67 L2 –2610.7 26.16 21.65
L3 –2583.1 26.05 21.64 L3 –2525 26.07 21.58
R1 –2794.8 25.96 21.49 R1 –2818.2 25.99 21.44
R2 –2739.2 25.94 21.48 R2 –2774 25.97 21.42

L. principis-
ruprpechtii

NLME L1 –380.1 10.68 8.65 NLFE L1 –332.8 10.76 8.67
L2 –378.9 10.67 8.64 L2 –333.4 10.78 8.68
L3 –350.1 10.58 8.58 L3 –324.3 10.67 8.61
R1 –408.1 10.45 8.37 R1 –475.7 10.5 8.38
R2 –402.9 10.44 8.36 R2 –437.2 10.47 8.3

Q. liaotungensis NLME L1 –2104.9 43.17 33.75 NLFE L1 –2111.3 43.27 33.68
L2 –2110.8 43.18 33.73 L2 –2118.6 43.29 33.68
L3 –2116.8 43.09 33.63 L3 –2169.9 43.28 33.64
R1 –2210 42.82 33.41 R1 –2232.1 42.68 33.21
R2 –2200.2 42.86 33.41 R2 –2224.9 42.8 33.28

Q. variabilis NLME L1 –1322.1 26.21 21.5 NLFE L1 –1336.5 26.32 21.56
L2 –1340.8 26.2 21.46 L2 –1352.2 26.34 21.54
L3 –1345.6 26.1 21.35 L3 –1370.9 26.24 21.41
R1 –1415 25.91 21.17 R1 –1492.5 25.94 21.12
R2 –1439.4 25.91 21.14 R2 –1514 25.99 21.12

Q. aliena NLME L1 –2469.6 30.49 25.3 NLFE L1 –2536.3 30.46 25.2
L2 –2464.5 30.48 25.29 L2 –2536.2 30.48 25.2
L3 –2417.8 30.37 25.19 L3 –2501.7 30.38 25.13
R1 –2555.2 30.28 25.09 R1 –2656.4 30.22 24.97
R2 –2538 30.27 25.08 R2 –2639.7 30.27 25

B. platyphylla NLME L1 –207.1 22.66 16.54 NLFE L1 –238.3 22.77 16.56
L2 –187.6 22.64 16.51 L2 –231.7 22.78 16.55
L3 –118.3 22.49 16.35 L3 –188.6 22.64 16.38
R1 –224.6 22.53 16.34 R1 –286.4 22.68 16.4
R2 –199.4 22.51 16.3 R2 –271.2 22.72 16.39
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The RMSE and ē are not clearly showing overall better fitting models and the differences 
between the models for each tree species are in general small. Also, the better fitting models accord-
ing to RMSE and ē are not consistently in line with the AIC; only for Q. liaotungensis and Q. aliena 
all three fit statistics indicate the same best fitting model being R1 as NLFE. For Q. variabilis ē is 
showing the same best fit as the AIC, being R2 as NLFE (Fig. 3). For P. tabuliformis, P. armandii 
and B. platyphylla we defined the best fitting model as the one with the lowest AIC, which in all 
three cases is R1 as NLFE (Table 3).

Graphical inspections of fitted curve profiles, residual plots and predicted vs. observed values 
were carried out for all fitted models. For P. tabuliformis, P. armandii, Q. liaotungensis, Q. aliena 
and B. platyphylla graphical analyzes were satisfactory for the best model R1 as NLFE according 
to the statistical criteria with random patterns of residuals around zero and no obvious trends. For 
simplification, for these tree species only the plots for R1 as NLFE are shown (Fig. 4).

Model selection for L. principis-rupprechtii is particularly difficult as the curve profiles of 
the best fitting model R1 as NLFE according to the AIC were not satisfactory as no height growth 
was present after an age of about 60 years. This was also the case for the three subsequent models 
according to the AIC, R2 as NLFE and R1 and R2 as NLME. Only L1 as NLME with the fifth 
lowest AIC was adequate, as L. principis-rupprechtii is growing rapidly and can reach heights 
between 35 m and 40 m (Yao et al. 2013). For L. principis-rupprechtii the curve profile and the 
residual plots for R1 and R2 as NLFE, R1 and R2 as NLME and L1 as NLME are presented 
(Fig. 5).

The parameter estimates and test statistics of the selected models are presented in Table 4. 
All estimated parameters were highly significant with p < 0.0001.

For all fitted models the introduction of the autocorrelation structure of order 1 with contin-
uous time covariate increased the model fit by clearly lowering the AIC, the RMSE and ē.

Fig. 3. Plots of the fitted nonlinear model with dummy variables (NLFE) R2 to height growth data from Quercus vari-
abilis. a): family of polymorphic height growth curves with varying asymptotes; numbers after each height growth 
curve indicate corresponding modelled tree height at base age 40, grey lines in the background indicate observed tree 
height values. b): residual plots of standardized residuals vs. predicted tree heights. c): predicted tree heights vs. ob-
served tree heights.
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Fig. 4. Tree species Pinus tabuliformis, Pinus armandii, Quercus liaotungensis, Quercus aliena and Betula platyphylla 
are organized in rows, plot types of the fitted nonlinear models with dummy variables (NLFE) R1 to height growth 
data are organized in columns. First column: families of polymorphic height growth curves with varying asymptotes; 
numbers after each height growth curve indicate corresponding modelled tree height at base age 40, grey lines in the 
background indicate observed tree height values. Second column: residual plots of standardized residuals vs. predicted 
tree heights. Third column: predicted tree heights vs. observed tree heights.
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Fig. 5. Plot types of the fitted nonlinear models with dummy variables (NLFE) and nonlinear mixed-effects models 
(NLME) using the dynamic equations R1, R2 and L1 to height growth data of Larix principis-rupprechtii are organized 
in columns. First column: families of polymorphic height growth curves with varying asymptotes; numbers after each 
height growth curve indicate corresponding modelled tree height at base age 40, grey lines in the background indicate 
observed tree height values. Second column: residual plots of standardized residuals vs. predicted tree heights. Third 
column: predicted tree heights vs. observed tree heights.
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4 Discussion

In this study, we used nonlinear mixed-effects models (NLME) with random individual effects and 
nonlinear models with dummy variables as fixed individual effects (NLFE) to describe height growth 
of the 7 economically most important tree species in Zhongtiaoshan forest region of southern Shanxi 
province by fitting five dynamic equations derived from two sigmoidal base equations utilizing 
the generalized algebraic difference approach (GADA) (Cieszewski and Bailey 2000) (Table 2). 
The best fitted models are the R1 as NLFE for P. tabuliformis, P. armandii, Q. liaotungensis, 
Q. aliena and B. platyphylla, the R2 as NLFE for Q. variabilis – both derived from the Richards 
base equation (Richards 1959) – and the L1 as NLME for L. principis-rupprechtii derived from 
the Lundqvist base equation (Lundqvist 1958). The desired criteria of growth functions (height of 
0 m at specific beginning, maximization against an asymptote and presence of an inflection point) 
are met with the families of site index curves all showing polymorphism and varying asymptotes. 
They also inherit further desired properties, such as base-age invariance, to provide consistent 
predictions (Clutter et al. 1983).

The sampling design with one sample tree per forest stand limits the model formulation to 
one level of nesting for the individual tree. With a single level of nesting the actual hierarchical 
structure of the tree level being nested in the stand level could not be represented. Thus, the vari-
ability in the model could not be divided to the within- and between-stand variability. Nothdurft 
et al. (2006) presents such a nonlinear hierarchical mixed model with tree and plot levels. To 
obtain the needed data structure, inside forest stands multiple trees need to be sampled to receive 
information about the within-stand variability.

Table 4. Estimated parameter values for the best fitting height growth model of each investigated tree species Pinus 
tabuliformis, Pinus armandii, Larix principis-rupprechtii, Quercus liaotungensis, Quercus variabilis, Quercus aliena 
and Betula platyphylla with standard errors, t-statistics and p-values.

tree species model parameter estimate standard error t-value p-value

P. tabuliformis R1 NLFE X 2.6284 0.055 47.74 <0.0001
k 0.0175 0.0007 26.48 <0.0001
α 3.5901 0.0334 107.38 <0.0001

P. armandii R1 NLFE X 2.8004 0.0566 49.43 <0.0001
k 0.0249 0.0011 23.19 <0.0001
α 4.2164 0.061 69.1 <0.0001

L. principis-rupprechtii L1 NLME X 4.1185 0.0835 49.34 <0.0001
α 32.7942 0.5528 59.33 <0.0001
m 0.5198 0.0212 24.52 <0.0001

Q. liaotungensis R1 NLFE X 3.1125 0.0713 43.65 <0.0001
k 0.0167 0.0011 15.02 <0.0001
α 3.872 0.0675 57.33 <0.0001

Q. variabilis R2 NLFE X 3.0037 0.0676 44.4 <0.0001
k 0.0318 0.0014 23.17 <0.0001
α 1.1591 0.0335 34.61 <0.0001

Q. aliena R1 NLFE X 2.9198 0.0647 45.14 <0.0001
k 0.0182 0.0011 16.68 <0.0001
α 3.419 0.0459 74.54 <0.0001

B. platyphylla R1 NLFE X 2.6749 0.1198 22.32 <0.0001
k 0.0326 0.0023 13.88 <0.0001
α 3.9128 0.0843 46.42 <0.0001
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The best approach to estimate GADA model parameters is still debated in the literature. 
Cieszewski and Strub (2018) found that the NLFE approach was superior compared to the NLME 
approach in terms of base-age invariance and path invariance and in terms of fit statistics. The 
last finding is also in line with our results according to the AIC. The same results are supported 
by Weiskittel et al. (2009) Nigh (2015) and Socha et al. (2021). However, even though differences 
according to the AIC are large, they are small according to the RMSE and ē, as no correction 
for the number of model parameters is made for the last two fit statistics (Eqs. 7,8). Wang et al. 
(2008) conclude that based on the RMSE the NLME approximates the NLFE well in its ability 
of describing the fit data. They also mention that one would favor the NLFE approach over the 
NLME approach, as site-specific effects may not follow a specific distribution.

Values for fit statistics as used in the present study need to be treated with caution when it 
comes to comparisons between the two model fitting methods NLME and NLFE. Nevertheless, in 
many studies comparing NLME and NLFE methods, decision for the best height growth models 
are made solely on fit statistics like ll, AIC, the finite-sample corrected version of the AIC, mean 
absolute error (MSE), RMSE, residual standard error, coefficient of determination (R2) and adjusted 
R2 ( )Radj

2  (Weiskittel et al. 2009; Wang et al. 2008; Socha et al. 2021; Nigh 2015). Mehtätalo and 
Lappi (2020) mention that R2 and Radj

2  can be misleading for several reasons and that the MSE, 
consequently also the RMSE, is lower in NLMEs than in NLFEs. Furthermore, NLMEs lead to 
conditional bias of random effects, which increases with decreasing sample size, whereas NLFEs 
are conditionally unbiased. The decision, weather the tree effect should be random or fixed, should 
ideally be made prior to model fitting based on the objective, if only the sampled trees are of 
interest or if the sampled trees can be regarded as a sample from a larger population. If the latter 
is the case, then NLMEs utilize the mean and variability of the group effects in the population 
and predictions for new groups can be made, which is not possible if NLFEs are used (Mehtätalo 
and Lappi 2020). Thus, NLMEs are more generalizable and more broadly applicable than NLFEs.

The base age t0 of 40 years was chosen to be relatively low. The often used base age for site 
productivity assessment is at 100 years, but is ranging from 15 to 100 years, usually depending on 
the average rotation length of forest stands (Weiskittel 2011). Most of the trees in Zhongtiaoshan 
forest region are rather young and rotation lengths varies between tree species. Also, the lengths 
of observations – especially for L. principis-rupprechtii – is in some cases relatively short, which 
is the reason why we selected a consistent base age of 40 years for all tree species.

Overall, GADA functions based on the Richards base equation performed better than GADA 
functions based on the Lundqvist base equation. The Richards equation is known for its flexibility 
(Richards 1959; Zeide 1993) but is outperformed by the Lundqvist equation for extrapolation of 
L. principis-rupprechtii in our study (Fig. 5). For R1 and R2 of both modelling approaches NLME 
and NLFE (Figs. 5a,d,g,j), height growth curves are levelling off as soon as no height/age data is 
present anymore, while the L1 as NLME is following the vigorous growth dynamics of L. princi-
pis-rupprechtii (Fig. 5m). This could indicate that the models R1 and R2 are in general suitable to 
model height growth of different tree species if height/age data is present for a long observation 
period due to the flexible character of the function, while for shorter observation periods and 
especially for extrapolation the L1 model is appropriate. However, additional research addressing 
this particular question is needed to prove this hypothesis.

In a follow-up research the presented height growth models need to be tested with indepen-
dent data in order to investigate their external validity. In theory, different approaches exist for 
cross-validation, but these approaches always have the shortcoming of reducing the data set from 
which the model is built and may not provide additional information (Kozak and Kozak 2003). 
We therefore decided to use the full set of available data for modelling and to rely on information 
criteria such as AIC, RMSE and ē.
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5 Conclusion

The presented families of height growth curves serve as a planning tool to identify site index and 
therefore assess site productivity for predicting stand volume growth in the region. A direct com-
parison of the productivity of forest stands of the same tree species is possible, even when stands 
are of different age, as their height can be predicted to identical age due to base-age invariance.
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